The pores and throats of shales and mudrocks are predominantly found within a range of 1-100 nm, within this size range the flow of gas at reservoir conditions will fall within the slip-flow and early transition-flow regime (0.001 < Kn < 1.0). Currently, the study of slip-flows is, for the most part, limited to simple tube and channel geometries. However, the geometry of mudrock pores is often sponge-like (organic matter) and/or platy (clays). Here we present a local-effective-viscosity multi-relaxation-time lattice Boltzmann model (LEV-MRT-LBM) parameterized for slipand early-transition-flow regimes and adapted here to complex geometries. At the macroscopic-scale the LEV-MRT-LBM is parameterized with local effective viscosities at each node to capture the variance of the mean-freepath of gas molecules in a bounded system. The corrected mean-free-path for each lattice node is determined using a three-dimensional wall function adaptable to complex pore geometries. At the microscopic-scale, a combined diffusive bounce-back boundary condition is applied to the pore-walls. The LEV-MRT-LBM is first validated in simple tube geometries, where good agreement is found for Knudsen numbers below 1.0. We then demonstrate the utility of the LEV-MRT-LBM by simulating pure methane flow in digital reconstructions of nanoporous bitumen at reservoir conditions, and compare the results to bulk tube models. We show that the bulk tube models grossly overestimate apparent permeability, and underestimate the increase in apparent permeability with decreasing pressure.
Introduction
Predicting gas production decline curves for mudrock (shale) reservoirs requires consideration of gas flow physics that have an insignificant effect in conventional reservoirs. In figure 1 a typical FIB-SEM image volume taken from a hydrocarbon producing mudrock is shown. The image has a voxel resolution of 10 nm to a side and is segmented into mineral components, solid bitumen and macropores (>50 nm). As is typical in hydrocarbon producing mudrocks the macropores do not create a connected flow-path across the image volume, while the solid bitumen does. Solid bitumen, and organic components of thermally mature mudrocks host nanometer-scale pores, and it is these nanopores that provide the pathways for flow through mudrocks (Heath et al. 2011 , Chalmers et al. 2012 , Loucks et al. 2012 , Milliken et al. 2013 . At reservoir PT conditions the mean free paths of supercritical gases, such as methane and carbon dioxide, are of the same order in size as that of the pores. This causes the flow of these gases to significantly deviate from "continuum" Navier-Stokes predictions, resulting in an increase in the apparent permeability of the rock with decreasing pore pressure, described in conventional core-analysis by the Klinkenberg coefficient ( ), which is determined by fitting apparent permeability ( ) measurements at different pore pressures ( ), with the klinkenberg correction formula,
where is the absolute permeability, alternatively known as the liquid permeability. At the microscopic-scale (molecular-scale) the deviation from the Navier-Stokes description is conventionally quantified by the Knudsen number, = / , where is the unbound mean free path of the gas and is a reference length (i.e. the radius of a tube or aperture of a slit). Conventionally, > 0.001 indicates the onset of non-negligible deviation from Navier-Stokes predictions, with flow regimes being divided up into slip, transition and free-molecular for Knudsen numbers between, 0.001 to 0.1, 0.1 to 10, and above 10, respectively. These flow regimes are roughly divided up in this manner to reflect the changing physics as the Knudsen number increases. In the slip-flow regime the gas-gas collisions are far greater in number than the gas-wall collisions, however, the gaswall collisions create a significant non-zero flow velocity at the walls, hence the term "slip". In the transition-flow regime there is a transition from the gas-gas collisions being the greatest in number to gas-wall collisions being greater in number, with both having a significant effect on the overall flow. In the free-molecular-flow regime the gas-wall collisions become increasingly dominant to the extent that the gas-gas collisions can be ignored, approaching Knudsen diffusion. It is somewhat common to refer to these flow regimes as noncontinuum, however it is important to note that although these flows deviate from Navier-Stokes predictions, there is no failure of the continuum assumption. For these flows the hydrodynamic fields and associated conservation laws remain welldefined (Hadjiconstantinou, 2006) . We prefer to refer to these flows as mixed viscous/ballistic flows, referring to the viscous nature of flows dominated by gas-gas collisions with an increasing gas-wall ballistic effect. In figure 2 we plot the Knudsen number for tubes within the nominal pore size range of mudrocks for methane flow at 400 K, and typical reservoir pressures. The majority of the flow within mudrock nanopores falls within the slip-and earlytransition-flow regimes, with the exception of nanopores less than a 1 nm in radius. For pores of this size the surface-gas interaction potential is expected to dominate gas transport (Cracknell et al. 1995 , Cai et al. 2008 ), and we do not expect the physics of flow for pores in this size range to be described by the same mixed viscous/ballistic flow physics as pores larger than 0.5 nm in diameter. Predicting the klinkenberg coefficient, or equivalently, the apparent permeability of mudrocks as a function of pore space geometry and PT conditions for mixed viscous/ballistic flows has received much attention in the hydrocarbon recovery literature recently (e.g. Javadpour 2009 , Civan 2010 , Sakhee-Pour and Bryant 2012 , Mehmani et al. 2013 , Yao et al. 2013 , Islam and Patzek 2014 , Ma et al. 2014 , Naraghi et al. 2015 , with the over-arching goal of predicting production outcomes from the characterization of mudrock pore space geometry. However, all of these models simplify these pore spaces into a collection of tubes or slits. From scanning electron microscopy (SEM) and transmission electron microscopy (TEM) studies it has been shown that that the pore spaces of mudrocks are best described as "spongey" for organic matter hosted pores or as complex collection of slits for clay hosted pores (Heath et al. 2011 , Chalmers et al. 2012 , Loucks et al. 2012 , Milliken et al. 2013 . It is questionable that simple tube/slit models can accurately predict flow within these complex pore spaces. The tools for predicting mixed viscous/ballistic flows in anything but very long tubes, or very long/wide slits has been limited to "brute-force" methods such as molecular dynamics (MD) modelling. The computational requirement for MD model prediction of flow for anything larger than a single pore or throat -let alone a complex network of pores and throats -is prohibitive.
For mixed viscous/ballistic flows both macroscopic hydrodynamic fields and microscopic gas-wall interactions must be accounted for, and the mesoscopic approach of lattice Boltzmann methods has long been considered a natural candidate for the prediction of such flows -at minimal computational cost in comparison to brute-force MD modeling. A large body of work has been generated attempting to parameterize LB methods for prediction of mixed viscous/ballistic flows and great success has been found using a variety of approaches (Nie et al. 2002 , Lim et al. 2002 , Succi 2002 , Ansumali and Karlin 2002 , Shen et al. 2004 , Sbargaglia and Succi 2005 , Guo et al. 2006 , Niu et al. 2007 , Guo et al. 2008 , Kim et al. 2008 , Verhaege et al. 2009 , Suga et al. 2010 , Chai et al. 2010 , Li et al. 2011 , Zheng et al. 2012 , Liu and Guo 2013 , Suga and Ito 2013 , Liou and Len 2014 . The vast majority of these studies have focused on simple geometries (tubes/slits), often limited to two-dimensional flows, with a limited number investigating more complex geometries. Notably, the work of Suga and Ito (2013) showed promising results for three dimensional flows involving obstacles in ducts, and bumpy channels, however, their method treated the Knudsen number as a constant. Flow in the nanoscale pore geometry of mudrocks presents an issue that has not yet been resolved, parameterization of a three-dimensional LB model for flows through geometries with locally varying Knudsen number.
As previously noted, for mixed viscous/ballistic flows the continuum assumption holds. Here we adopt the approach of Guo et al. (2007) , for which a geometry dependent local effective viscosity is defined to solve the "extended Navier-Stokes constitution". In the work of Guo et al. (2008) this basis of modelling was applied to the multiplerelaxation-time lattice Boltzmann model (MRT-LBM) using Stop's one-dimensional wall function to parameterize local viscosity for two-dimensional parallel-plate flows. Here, we extend this approach to three-dimensions for geometries of arbitrary shape. In the following, a review of tube models for mixed viscous/ballistic flows is presented, followed by a description of our local-effective-viscosity MRT-LBM (LEV-MRT-LBM) and validation of our model in tube geometries. The utility of the LEV-MRT-LBM is then demonstrated on three-dimensional digital reconstructions of nanoporous bitumen and results are compared to some of the bulk tube models that have appeared in hydrocarbon recovery literature in the past few years.
Methods

Mixed Viscous/Ballistic Flow Tube Models
The simplest of the tube models is the dusty-gas model, which treats mixed viscous/ballistic flows as a linear summation of mass flux predicted by the Navier-Stokes equations and the mass flux of Knudsen diffusion (Mason and Malinauskas 1983, Sakhee-Pour et al. 2012 
where is the dynamic viscosity, is the tube radius, is the specific gas constant, is temperature, is molar mass, and = 2 8 ⁄ . Or equivalently for the apparent permeability,
The accuracy of the dusty-gas model in the slip-and early-transition-flow regimes is questionable. Particularly because it assumes Knudsen diffusion is occurring throughout the tube, however, the ballistic effect produces something akin to Knudsen diffusion only within the Knudsen layer. The Knudsen layer has a thickness on the order of the mean free path. Therefore, in the slip-flow regime, the Knudsen layer would only occupy between ~0.2% and 20% of the pore space. This would suggest the dusty-gas model would overestimate flow in the slip-flow and earlytransition-flow regimes.
In the slip-flow regime the slope of experimental observations of mass flux normalized to Navier-Stokes predictions is observed to start at 4, followed by a gradual increase in slope with increasing . This leads to the following correction to the apparent permeability of a tube in the slip-flow regime,
This combined with the concept of a tangential accommodation coefficient ( ) based on microscopic arguments regarding gas-surface interactions -with = 1 representing purely diffusive reflection and = 0 for purely specular reflection -leads to the following correction presented in Brown et al. (1946) ,
For an ideal gas this can be expanded to,
The tangential accommodation coefficient can be argued to be closer to 1 for most engineered or natural surfaces, considering these surfaces are imperfect and likely to contain a certain amount of roughness which would deter specular reflection. Although under rarefied conditions tangential accommodation coefficients as low as 0.2 on polycrystalline surfaces have been observed (Beskok and Karniadakis 1999, Agrawal 2008) . Note that this correction formula is only applicable to the slip-flow regime, at higher Knudsen numbers it will underestimate the apparent permeability.
The study of mixed viscous/ballistic flows in tubes has also been rigorously investigated using microscopic simulations, in particular, direct simulation Monte Carlo (DSMC) techniques, and numerical solutions to the linearized Boltzmann equation. These studies have successfully predicted the Knudsen minimum (~1), and are found to be in general agreement with one another for both the prediction of bulk velocity and local velocity. The local velocity from these simulations will be the basis of comparison for our model validation study. To simplify the comparison of these more rigorous results to those of the previously outlined tube model correction functions and our model results we utilize the tube model of Beskok and Karniadakis (1999) which employs a general velocity slip boundary condition to the Navier-Stokes equations, and has been fitted to the linearized Boltzmann solutions of Loyolka and Hamoodi (1990),
where is the rarefication coefficient, which describes the decrease in the number of gas-gas collisions compared to gas-wall collisions, fitted to Loyalka and Hamoodi (1990) ,
The tube model of Beskok and Karniadakis (1999) was also used to derive a local velocity function,
where ( ) is the local velocity, is the distance from the center axis of the tube, and ̅ is the mean velocity,
Which fits the velocity profile of the linearized Boltzmann solutions of Loyolka and Hamoodi (1990) with the exception of a small error near the wall at = 10.
For the sake of completeness we will also compare results to another tube model that was recently proposed in Javadpour (2009) . This tube model linearly sums the correction formula derived from the dusty-gas model and the slip-flow correction of Brown et al. (1946) ,
This tube model has some theoretical pitfalls, in that it essentially results in a double correction to mixed viscous/ballistic flows. It inherits the same theoretical errors associated with the dusty-gas model outlined above, while also invariantly estimating flows in the slip-flow regime that are greater than those predicted by Brown et al.'s correction function.
Introduction to LEV-MRT-LBM
Here we only outline the parameterization of the LEV-MRT-LBM for mixed viscous/ballistic flows, thorough reviews of MRT-LBM can be found in the literature (e.g. Qian et al. 1992 , d'Humieres 2002 , Pan et al. 2006 . Lattice Boltzmann models are mesoscopic models based on microscopic dynamics with locally defined hydrodynamic modes. In short, fluids are simulated as swarms of particles which flow on a discrete lattice, represented by particle distribution functions ( ). Here we used the D3Q19 discrete velocity model, wherein the particle distribution functions are limited to 19 discrete velocities (18 advecting, 1 rest). Each discrete particle distribution contains the value of the density of the particles moving in its respective direction. During a single time iteration in the LB equation two steps occur, streaming of the particle distribution function to the neighboring lattice nodes, and collision of the particle distribution function. In the MRT-LBM the velocity-space particle distribution functions are transformed to moment-space prior to collision. This has a distinct advantage over colliding in velocity space (single-relaxation-time LBM), particularly for LBMs parameterized for mixed viscous/ballistic flows. In moment space the particle distribution function is represented by hydrodynamic modes which can be relaxed during the collision individually. Therefore, the relaxation time ( ) defining kinematic viscosity ( ),
where 2 is the square of the speed of propagation ("sound"), and is equal to 1/3 in the D3Q19 lattice used here, can be relaxed without interfering with the other hydrodynamic modes. In the following description of the LEV-MRT-LBM the ability to parameterize the viscosity of the simulated fluid on a local level will be key in capturing the physics of mixed viscous/ballistic flows that occur in the slip-and early-transition-flow regimes.
For the hard-sphere model of the kinetic theory of gases the unbound mean free path ( ) of a gas is a linear function of unbound kinematic viscosity,
where for the MRT-LBM, = 1/ 2 . From this we define as a function of the mean free path,
For the other relaxation times in the LEV-MRT-LBM a standard set of values defined for no-slip Navier-Stokes flows are used (Pan et al. 2006) , with the exception of the relaxation time for the energy-flux mode ( ), which is defined using the parameterization presented by Chai et al. (2010) ,
where 2 is the coefficient of the second-order slip boundary condition, following the work of Chai et al. (2010) is set to 0.61.
At the solid boundaries (pore walls) the LEV-MRT-LBM uses a combined diffusive bounce-back scheme (CDBB),
where is the probability coefficient, also following Chai et al. and represents redistributed or diffusive bounce-back (Ansumali and Karlin 2002) which retains the Maxwellian equilibrium particle distribution ( ) at the pore walls,
which for static walls reduces to,
Where ( , ) is the sum of the incoming for the solid boundary node at ( , ). The novelty of the LEV-MRT-LBM presented here is the definition of a local viscosity determined by the local mean-free path. In an unbound geometry the mean free path is a constant, in a bound geometry the mean free path increases away from the pore wall (Figure 3a and 3b) .
The local mean free path ( ( )) in a bound geometry is a function of local pore geometry and is described by the local effective mean free path correction function ( ( )),
where is location. Therefore the effective viscosity of the gas also varies locally and is redefined,
, as well as, . Here ( ) is the arithmetic mean of a one-dimensional wall function ( (
) for a single planar wall measured in 18 directions ( = 18) for each lattice node (Figure 3c ),
where is the distance from the node to the wall. The one-dimensional wall function must meet two boundary conditions, (0) = 0, representing the vanishing free-path at the location of the wall, and lim →∞ ⁄ = 1, the mean free path far away from the wall is equal to the unbound mean free path. Following the work of Guo et al. (2006) , these conditions can be met with an inverse tangent function, ( ) = 2 tan −1 ( √2 ( ) ).
where and are fitting parameters to be investigated during model validation. A plot of the one-dimensional wall function using an illustrative range of possible and values is presented in figure 3d . We also must consider the truncating effect of a bound geometry on the molecular free path distribution, which at equilibrium includes a significant probability that the free path of an individual molecule is larger than the geometry. Which for the discrete wall function presented here is equal to + − . Therefore, a percentage of the molecules,
have an effective mean free path corrected for the size of the geometry not the unbound mean free path. This results in the following "multi-bounce" one-dimensional wall function,
Figure 3: Summary illustrations and wall function for determination of effective mean free path, including (a) an Illustration of the mean free path in an unbound geometry, where the mean free path is constant, and (b) the mean free path in a bound geometry, where the mean free path is a function of distance from the wall, with the arrow lengths and colors indicating the relative variance in the length of the mean free path. (Note: smaller mean free paths do not indicate compression of the gas, the density of the gas is constant barring adsorptive effects). Also shown (c) is the one-dimensional wall function ( ) as a function of distance from the wall ( ⁄ ) for four different choices of the free parameters, and (d) the three-dimensional 18-direction wall distance kernel with a 2D illustration of the measurement of wall distance for a single lattice node (Note: the wall distance is measured in three dimensions for flow simulation).
Results
LEV-MRT-LBM Validation
To validate our LEV-MRT-LBM we perform a benchmark tube simulations and compare the results to the tube model of Beskok and Karniadakis (1999) outlined in the tube model review section. Note that the LEV-MRT-LBM simulation is only informed of the local physics at every node by the local effective mean free path correction function, in other words, no individual lattice node is aware of the overall physical geometry of the system, the predicted flow fields emerge from the proper definition of local physics. Simulations were carried out on a tube with a radius equal to 50 lu, (lu refers to lattice units, 1 lu is equal to the distance between two lattice nodes), and lattice fluid density of ~1.0000. Further simulations were then carried out for a resolution study on tubes with radii of 5 and 2.5 lu.
The error for bulk flow comparisons between the LEV-MRT-LBM and Beskok and Karniadakis tube model are defined as,
where ̅ is the mean Darcy velocity predicted by the Beskok and Karniadakis tube model and ̅ is the mean Darcy velocity predicted by the LEV-MRT-LBM. Four illustrative examples of the fitting values for the onedimensional wall function, as well as the multi-bounce wall function with and equal to 1 are presented in figure  4a . In general the local effective viscosity function with fitting parameters close to 1 are within ±6% of the bulk flow predicted by the Beskok and Karniadakis tube model, with the wall function remaining within ±2%. The function with and equal to 1 was then used in the resolution study, the results of which are presented in figure 4b . As can been seen in figure 4b the model is very robust, with very similar errors found for tubes represented by tubes as small as 2.5 lu in diameter. Far more critical to the validation of the model is the comparison of velocity profiles presented in figure 4c-f. In these profiles the simulation results for both the original and multibounce wall functions are presented (both with and equal to 1). The match between the LEV-MRT-LBM and the Beskok and Karaniadakis tube model are excellent in the slip-flow regime for both wall functions. There is however a small under-estimation of the centerline velocity for flows in the early-transition regime, with the multibounce wall function performing significantly better for a Knudsen number of 1. ) as a function of , (b) the % error of the mean velocity for four different as a function of lattice resolution using the multi-bounce one-dimensional wall function, including images of the tube at different resolutions, and (c-f) the velocity profiles for the tube model and the LEV-MRT-LBM using both the one-dimensional wall function and the multi-bounce one-dimensional wall-function.
Comparison of Tube Models and LEV-MRT-LBM for Flow in a Single Tube
To compare the LEV-MRT-LBM to the tube models reviewed previously for typical mudrock reservoir PT conditions, we simulate pure methane flow in a tube with a radius of 5 nm at a temperature of 400 K. For these simulations, as well as the inputs for the tube models, the density of the gas was determined from the Peng-Robinson equation of state, and the unbound mean free path was determined assuming a hard-sphere gas,
where is the molecular number density determined by the Peng-Robinson equation of state and is the hardsphere diameter of methane, taken here as 0.376 nm. The dynamic viscosity of methane was determined from the formulation of Lee 1966. A comparison of the ⁄ as a function of pore pressure for the tube models and LEV-MRT-LBM is presented in figure 5 . For the pressure range presented in figure 5 , a pressure of 1000 and 10000 psi, have Knudsen numbers of 0.245 and 0.0325, respectively. Therefore flow for this scenario occurs within the slip and early-transition regime. As would be expected, the function of Brown et al. (1946) using a fully diffusive tangential momentum accommodation coefficient, = 1, agrees with the tube model of Beskok and Karniadakis fairly well, with an increasing underestimation for larger Knudsen numbers (lower pressures). However the dustygas model largely over-estimates flow, as would be expected considering it assumes Knudsen diffusion is occurring throughout the tube. The Javadpour (2009) ⁄ as a function of pressure for pure methane flow at 400 K through a tube with a 5 nm radius, DGM refers to the dusty-gas model, Brown refers to the first-order slip-correction of Brown et al. (1946) , B-K refers to the tube model of Beskok and Karniadakis (1999) fitted to the linearized Boltzmann solutions of Loyalka and Hamoodi (1990) , and Javadpour refers to the apparent permeability function of Javadpour (2009).
Flow in Nanoporous Solid Bitumen
Nanopores in solid bitumen and organic material in mudrocks are generally spherical in shape, which makes digital reconstruction of these materials fairly straightforward. One simple method of digital reconstruction for this type of pore geometry can be generated as a collection of overlapping spheres. The size of the spheres, placement of the spheres, and overlap tolerance of the spheres can all be specified and digital reconstructions can be generated using random number generators. To demonstrate the utility of the LEV-MRT-LBM and the complex relationship between pore space geometry and flow properties we generate two digital reconstructions. Both reconstructions are composed of spheres with a uniform diameter range between 5 and 6.5 nm, with the first (Recon 1) being homogenous with a high porosity ( = 58.3%), and the second (Recon 2) being heterogeneous with a low porosity ( = 19.6%). Images of the two recons and their pore size distributions determined using a maximum inscribed sphere measurement are presented in figure 6 . The maximum inscribed sphere measurement produces a pore size distribution analogous to a mercury injection porosimetry measurements, a typical input for bulk tube models. Figure 6 : Nanoporous solid bitumen digital pore space reconstructions, for both (a) a homogenous high porosity reconstruction (Recon 1) and (b) a heterogeneous low porosity reconstruction (Recon 2), also included (c) is the pore radius distribution for both reconstructions measured using a maximum inscribed sphere algorithm that produces a pore size distribution measurement analogous to mercury injection porosimetry.
From figure 6c it is apparent the pore size distributions for both recons are very similar, with the mean pore radius for recon 1 and 2, is 2.83 and 2.78 nm, respectively. To compare the flow results of the LEV-MRT-LBM to some recently proposed bulk tube models we choose three models. All of the bulk tube models assume an absolute permeability of,
where is the tortuosity, which we will give a nominal value of 2, and ̅ is the average pore radius. The three models are, the dusty gas bulk tube mode, 
where is the density determined by the Peng-Robinson equation of state, is the fractal dimension of the pore surface, (set in Naraghi and Javadpour 2015 to 2), and the tangential momentum accommodation coefficient is a function of the Knudsen number, = 1 − log(1 + 0.7 ).
Both and ⁄ as a function of pore pressure were determined for pure methane flow at 400 K using both the bulk tube models and the LEV-MRT-LBM (Figure 7) . The absolute permeability determined from the bulk tube models is 298 and 100 nD, for recon 1 and 2, respectively. The absolute permeability determined using a standard MRT-LBM (Navier-Stokes, no-slip) was 35.5 and 0.146 nD, for recon 1 and 2, respectively. The differences in the absolute permeability result in the bulk tube models overestimating for all of the pressures simulated for both reconstructions. For recon 1 the overestimation is on the order of half a magnitude, but for recon 2 it is near 2 to 3 orders of magnitude, with the Civan et al. (2010) model providing the closest estimate. The trend is reversed for ⁄ , with the bulk tube models underestimating the increase in permeability as a result of increasing ballistic effect with lower pressures. The bulk tube models also predict a near identical response for the increase in ⁄ as a function of pressure for both recons, while the LEV-MRT-LBM predicts a far larger increase in permeability for recon 2. The differences between the bulk tube models and the LEV-MRT-LBM simulations are a result of connectivity and pore space geometry. In figure 8 and 9 velocity flow fields from simulations using the standard MRT-LBM and LEV-MRT-LBM at 1135 psi are shown for the entire volume and in cross-section for recon 1 and 2, respectively. From figure 8a and 8b we can see that the flow in the higher porosity reconstruction is fairly uniform, and looking at 8c we can see that flow is controlled by the throats. The throats occupy a small proportion of the flow volume but have a strong effect on the flow velocity, the bulk tube models do not consider the converging diverging nature of pore space, and ultimately overestimate the absolute permeability. Moreover, it is for the same reason that the bulk tube models underestimate the increase in ⁄ with decreasing pressure, the pore throats also experience the greatest enhancement in flow due to the ballistic effect (figure 8d). For the lower porosity recon 2, the overall flow is limited to only a handful of flow pathways ( figure 9a and 9b) . The low connectivity, also not considered by the bulk tube models, results in dramatically less flow, and much like recon 1, the greatest increase in flow due to the ballistic effect occurs in the throats of the pore space. There are far fewer throats in the pore space of recon 2 than in 1, and the enhancement in permeability is more severe leading the large increases in ⁄ with decreases in pore pressure. 
Conclusions
We have presented here a novel local-effective-viscosity multiple-relaxation-time lattice Boltzmann model capable of predicting mixed viscous/ballistic flows (slip-flow regime and early-transition-flow regime) in arbitrary pore geometries. We have validated the model against the mean velocity and velocity profiles of Beskok and Karniadakis tube model fitted to the linearized Boltzmann solutions of Loyolka and Hamoodi (1990) . We have also provided a critical review of some common tube models for mixed viscous/ballistic flows, including the dusty-gas model, the first-order slip correction of Brown et al. 1946 , and the apparent permeability function of Javadpour 2009. The dusty-gas model generally overestimates flow in the slip-and transition-flow regimes, which is attributed to its assumption that Knudsen diffusion occurs throughout the tube regardless of the thickness of the Knudsen layer. The first-order slip correction of Brown et al. 1946 generally agrees with the Beskok and Karniadakis tube model in the slip-flow regime, but underestimates flow for higher Knudsen numbers. The apparent permeability function of Javadpour 2009 overestimates flow in comparison to all other models, this has been previously reported by Yao et al. 2013 .
To demonstrate the utility of the LEV-MRT-LBM we created digital reconstructions of nanoporous bitumen and simulated pure methane flow at 400 K for a range of pore pressures, and compared the results to bulk tube models based on the tube models critically reviewed. The difference in results between the LEV-MRT-LBM and the bulk tube models are large, with the bulk tube models generally greatly overestimating the apparent permeability, and underestimating the increase in permeability with decreasing pore pressures.
The key to predicting mixed viscous/ballistic flow using the mesoscopic approach presented here hinges on the accuracy of the local effective mean free path correction function, . The formulation for presented here should be further tuned by comparison to molecular dynamics simulations in simple converging/diverging duct geometries. However, as it currently stands, the LEV-MRT-LBM can act as a powerful tool to elucidate the relationship between pore space geometry and flow response for supercritical gases in mudrock reservoirs.
